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PROBABILISTIC FINITENESS PROPERTIES
FOR PROFINITE GROUPS
GED COROB COOK, MATTEO VANNACCI
Abstract. We introduce various probablistic finiteness conditions for
profinite groups related to positive finite generation (PFG). We inves-
tigate completed group rings which are PFG as modules, and use this
to answer [15, Question 1.2] on positively finitely related groups. Using
the theory of projective covers, we define and characterise a probabilistic
version of the FPn property for profinite groups, called PFPn. Finally,
we prove how these conditions are related to previously defined finiteness
conditions and each other.
Introduction
Motivation. The study of finiteness properties of abstract groups has a
long history; see [4] for some background. Analogously to abstract groups,
a profinite group G is said to be of type FPn over a profinite ring R if there
is a projective resolution . . . → Pn → . . . → P1 → P0 → R → 0 with
P0, . . . , Pn finitely generated profinite RJGK-modules.
Even the first steps into studying this property run into some difficulties
for profinite groups that do not occur in the abstract case; for instance FP1
and finite generation are not equivalent (see [9]).
In this paper we consider an alternative notion of finite generation. The
class of positively finitely generated groups (PFG groups for short) was in-
troduced in [19] and it consists of those profinite groups G where, for some
k, k Haar-random elements generate G with positive probability (cf. Section
1.3). Positive finite relatedness (PFR) was introducted in [15] as a higher
analogue of PFG (see Section 1.3 for the definition).
In the same spirit we will define and study some related ‘probabilistic’
finiteness properties, such as positively finitely presented profinite groups,
and we introduce a new family of higher finiteness properties for profinite
groups via the concept of PFG modules and modules of type PFPn.
Main results. For convenience, we provide a diagram showing the rela-
tionships between the various conditions studied in the paper.
2010 Mathematics Subject Classification. Primary 20J05, 20E18; Secondary 20C20,
20C25, 20J06.
The first author was supported by ERC grant 336983 and Basque government grant
IT974-16. The second author acknowledges support from the research training group
GRK 2240: Algebro-Geometric Methods in Algebra, Arithmetic and Topology, funded by
the DFG.
1
2 GED COROB COOK, MATTEO VANNACCI
PFG
finitely presented, Proposition 2.3
(0
[9, Theorem 4.4] ((,[9, Example 4.5])

positively
finitely
presented
((,[25, Remark 2])
ks
((,Theorem 2.1)

APFG
Proposition 1.10$,
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘
Lemma 5.13

PFR
[15, Theorem 5.6], Proposition 1.10
((,[25, Remark 2])
ks
Lemma 5.16

UBERG
finitely presented,
[15, Theorem 5.6]
19❦❦❦❦❦❦❦❦❦❦❦❦❦❦
❦❦❦❦❦❦❦❦❦❦❦❦❦❦
PFP1 PFP2
((,Proposition6.8)
ks · · ·
((,Proposition6.8)
ks
Implications in this diagram which follow trivially from the definitions
have been left without references; for those marked ((,−), this reference
provides a counterexample showing the reverse implication fails; for those
marked ‘finitely presented’, the implication holds for finitely presented profi-
nite groups, though not in general.
In Section 1.5 we consider two natural modules associated to a profinite
group G: the group ring ZˆJGK and the augmentation ideal I
Zˆ
JGK. When
ZˆJGK is PFG (as a ZˆJGK-module; see Section 1.5) we say that G has UBERG.
If the ideal I
Zˆ
JGK is PFG as a ZˆJGK-module we say that G is APFG. We
show that APFG implies UBERG, and the converse is true if G has type
FP1 over Zˆ (see Proposition 1.10).
In Section 2 we answer [15, Question 1.2], by showing:
Theorem A. If G is finitely presented and PFG, it is PFR, but not all
PFR groups are PFG.
In Section 3 we introduce the notion of positively finitely presented profi-
nite groups, as a natural analogue of the definition of finitely presented
groups – that is, groups that have a ‘PFG presentation’ (see Definition 3.3)
– based on the fact that all PFG groups admit an epimorphism from a PFG
projective group. We prove some important properties of positively finitely
presented groups (see Section 3.1 for the definition of universal Frattini cover
of a profinite group).
Theorem B (Properties of positively finitely presented groups).
(i) The class of positively finitely presented profinite groups is closed under
extensions (see Lemma 3.6).
(ii) A profinite group G is positively finitely presented if and only if the
kernel of the universal Frattini cover G˜→ G of G is positively normally
finitely generated in G˜ (see Proposition 3.8).
(iii) In the class of PFG groups, positive finite presentability is equivalent
to PFR (see Corollary 3.5).
In Section 4 we start our investigation of positively finite generated (PFG)
modules and modules of type PFPn(see Sections 1.5 and 4.2). As for groups,
any PFG module admits an epimorphism from a PFG projective module,
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so we can form projective resolutions from these, and define a module to
have type PFPn if it has a projective resolution P∗ in which P0, . . . , Pn are
PFG. Additionally, we develop several fundamental tools to work with PFG
modules and we obtain a characterisation (in the spirit of the Mann-Shalev
Theorem) of modules of type PFPn in terms of growth conditions on the
sizes of certain Ext-groups (see Theorem 4.9).
As usual, there is a similar definition of type PFPn for groups. The first
crucial observation, using the theory of projective covers, is that a profinite
group has type PFP0 over a commutative ring R if and only if R is PFG;
and it turns out that type PFPn coincides with type FPn in the class of
prosoluble groups (see Remark 5.2).
Our next main result is an equivalent cohomological characterisation of
type PFPn obtained by applying Theorem 4.9. For a commutative profinite
ring R and k ∈ N, denote by S
RJGK
k the set of irreducible RJGK-modules of
order k.
Theorem C. Let G be a profinite group and R a commutative profinite ring.
Then, G has type PFPn over R if and only if
∑
S∈S
RJGK
k
(|HmR (G,S)|−1) has
polynomial growth in k for all m ≤ n.
When G is known to have type FPn over R, we get another characterisa-
tion of type PFPn, from Corollary 5.12.
Theorem D. Let G be a profinite group of type FPn and R a commutative
profinite ring. Then, G has type PFPn over R if and only if
|{S ∈ S
RJGK
k : H
m
R (G,S) 6= 0}|
has polynomial growth in k for all m ≤ n.
Next, we show that the class of groups of type PFPn is closed under
commensurability and finite direct products. The proof of the next theorem
can be found in Proposition 5.4 and Proposition 5.24.
Theorem E (Closure properties of groups of type PFPn). (i) Let G be a
profinite group and let H an open subgroup of G. Then G is of type
PFPn if and only if H is.
(ii) Let G1 and G2 be profinite groups of type PFPn and PFPm over R,
respectively. Then G1 ×G2 is of type PFPmin(n,m) over R.
Up to this point, property PFPn seems to enjoy several nice properties,
but it still remains mysterious. To address this shortcoming, in Section 5.2
and 5.3 we start examining properties PFP1 and PFP2 in more detail.
In Section 5.2 we show that APFG implies PFP1 (Lemma 5.13). Using
this, we can give an example of a group of type PFP1 that is not PFG (see
Example 5.15).
In Section 5.3, we investigate the relation between PFR and type PFP2.
We show in Lemma 5.16 that PFR implies PFP2, and in Proposition 5.18
that type PFP2 can be detected by considering the minimal presentation of
a group.
In the case of modules for abstract groups, or the usual (non-probabilistic)
definition of finite generation for profinite modules, we have the following
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nice property: if M is an H-module with H ≤ G, M is finitely generated
if and only if IndGH M is. But it is not hard to show that an analogous
property fails for positive finite generation. For example, Zˆ is PFG, but by
Proposition 6.7, IndFn1 Zˆ is not PFG for n > 1, where Fn the free profinite
group on n generators. We confront this problem in Section 5.4. Specifically,
we define a relative version of type PFPn. Given a profinite group G and a
closed normal subgroup H of G, we say that H has relative type PFPn in
G if all PFG projective RJG/HK-modules have type PFPn over RJGK. Note
that in the analogous type FPn case, relative type FPn is equivalent to type
FPn.
Theorem F. Suppose that H has relative type PFPm in G over R.
(i) If G has type PFPn over R, then G/H has type PFPmin(m+1,n) over
R.
(ii) If G/H has type PFPn over R, then G has type PFPmin(m,n) over R.
This is shown in Corollary 5.22. Incidentally, the proof of the previous
theorem also works in showing the corresponding result for abstract groups
and our proof does not depend on the usual spectral sequence argument,
which may have some independent interest.
We finish with Section 6, where we produce some novel examples to dis-
tinguish some of the aforementioned classes of groups. First, for any prime
p, we give examples of type PFP1 groups G over Zp such that the group ring
ZpJGK is not PFG (see Proposition 6.1). We would like to give examples
of this behaviour over Zˆ, to distinguish between the classes of groups with
UBERG and type PFP1 over Zˆ, but for now the question remains open.
Such examples cannot appear among pronilpotent groups (see Proposition
6.5 and the related Question 6.6 about the prosoluble case).
Although, trivially, if a module has type PFPn it has type FPn, we show
that the converse is not true, by showing in Section 6.2 that the free profinite
group on m generators, 1 < m <∞, has type FP1 but not type PFP1 over
Zˆ.
Finally, in Proposition 6.8, we distinguish the classes of groups of type
PFPn over Zˆ by constructing, for each n ≥ 0, a prosoluble group of type
PFPn but not PFPn+1.
1. Preliminaries and notation
We state now some conventions which will be in force for the rest of this
article. All subgroups and submodules will be assumed to be closed. Gener-
ation will always be intended in the topological sense. All homomorphisms
will be continuous. Modules will be assumed to be left modules.
1.1. Homology theory for profinite groups. In the course of this work,
we will need the usual ‘homological lemmas’ for profinite groups, such as
snake lemma, horseshoe lemma, Schanuel’s lemma, Lyndon-Hochschild-Serre
spectral sequence, the long exact sequence in cohomology, and Ext groups
– see for instance [23]. Other tools such as the mapping cone construction,
valid in all abelian categories, can be found in [26] for example.
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1.2. Haar measure. For a profinite group G, we denote by µG the (left)
Haar measure of G, see [18, Chapter 11] for basic properties. We will always
consider the normalised Haar measure, in this way we can turn a profinite
group into a probability space.
For a profinite group G, the direct power Gk can be viewed as a profinite
group, and as such it supports a Haar measure. For g1, . . . , gk ∈ G, we
denote by 〈g1, . . . , gk〉 the closed subgroup of G they generate.
Now we define the set
X(G, k) = {(g1, . . . , gk) ∈ G
k | 〈g1 . . . , gk〉 = G},
so that P (G, k) = µGk(X(G, k)) is non-zero for some k if and only if G is
PFG.
Lemma 1.1 ([18, Lemma 11.1.1]). Let G be a profinite group, let K be a
closed normal subgroup of G and pi : G → G/K be the natural projection.
If X is a closed subset of G, then µG/K(pi(X)) ≥ µG(X); if Y is a closed
subset of G/K, then µG(pi
−1(Y )) = µG/K(Y ).
1.3. PFG, PFR and more. We say that a profinite group G is PFG if
there is a positive integer k such that the probability of k Haar-random
elements of G generating the whole group is positive. This condition has
been studied extensively and here we only mention the Mann-Shalev theorem
[20, Theorem 4]: a profinite group G is PFG if and only if it has polynomial
maximal subgroup growth.
In the spirit of the Mann-Shalev theorem, the authors of [15] study a
related property called PFR. We list below some of the conditions considered
there that we will need; the interested reader may check [15] for more details.
A profinite group G:
(i) is PFR if it is finitely generated, and for every epimorphism f : H → G
with H finitely generated, the kernel of f is positively finitely normally
generated in H;
(ii) has PMEG, if the number of isomorphism classes of minimal extensions
of G of order n grows polynomially in n;
(iii) has UBERG, if the number of irreducible ZˆJGK-modules of order n
grows polynomially in n.
Proposition 1.2 ([15]). UBERG is equivalent to the group algebra ZˆJGK
being PFG, for all profinite groups G. PFR and PMEG are equivalent for G
finitely generated. All the conditions are equivalent for G finitely presented.
Note that the equivalence of UBERG to ZˆJGK being PFG is only stated
in [15] for finitely generated groups, but the proof for general groups goes
through without change.
We will see later that there are groups with UBERG which are not PFG;
the question of whether there are non-finitely generated groups with UBERG
remains open. But we do have the following result.
Proposition 1.3. Suppose G has UBERG, then it is countably based.
Proof. Suppose by contradiction that G is not countably based. Then, for
some index n, there are infinitely many open normal subgroups of index n
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in G and so G has infinitely many irreducible representations of dimension
at most n (over fields of characteristic p > n). 
1.4. PFG modules. For a module M , as for a profinite group, the direct
power Mk can be viewed as an abelian profinite group, and supports a Haar
measure which we will denote by µMk . For m1, . . . ,mk ∈ M , we denote by
〈m1, . . . ,mk〉R the closed submodule of M they generate.
As for groups, for a positive integer k, we define the set
XR(M,k) = {(m1, . . . ,mk) ∈M
k | 〈m1 . . . ,mk〉R =M}.
and PR(M,k) = µMk(XR(M,k)).
Definition 1.4. A profinite module M is said to be PFG if there is some
k ∈ N such that PR(M,k) > 0.
In [18, Proposition 11.2.1] it is shown that the class of PFG groups is
closed under quotients and extensions. The same is true for PFG modules
with an analogous proof which we omit.
Lemma 1.5. PFG modules are closed under quotients and extensions.
1.5. APFG. It will be useful here to compare our conditions on profinite
groups to another condition introduced in [9]. Recall that the augmenta-
tion map ε : ZˆJGK → Zˆ is induced by ε(g) = 1, for g ∈ G. Define the
augmentation ideal as I
Zˆ
JGK = ker ε, so we have a short exact sequence
(1.6) 0→ I
Zˆ
JGK → ZˆJGK → Zˆ→ 0.
Note that the group G has type FP1 if and only if its augmentation ideal
I
Zˆ
JGK is finitely generated.
Definition 1.7. A profinite group G is said to be APFG if the augmentation
ideal I
Zˆ
JGK is PFG as a ZˆJGK-module.
Remark 1.8. There is an error in the statement of [9, Corollary 2.5] (which
does not affect the rest of [9]): it should say “I
Zˆ
JGK is finitely generated as a
ZˆJGK-module if and only if there exists d ∈ N such that δG(M)/rG(M) ≤ d
for any M ∈ Irr(FpJGK) and p ∈ pi(G)”.
Recall that ZˆJGK is PFG if and only if G has UBERG. We can now state
the following fundamental result.
Proposition 1.9 ([9, Theorem 4.4]). Every PFG group is APFG.
It is shown in [9, Theorem 3] that, if G is countably based and has type
FP1 over Zˆ, G is APFG if and only if the number of irreducible ZˆJGK-
modules has polynomial growth (and, hence, if and only if G has UBERG).
Here we may generalise this theorem by dropping the countably based re-
quirement.
Proposition 1.10. Let G be a profinite group. If G is APFG, then G has
UBERG. If G has UBERG and type FP1, then G is APFG.
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Proof. Suppose that the augmentation ideal I
Zˆ
JGK of G is PFG. Then the
group ring ZˆJGK fits into the exact sequence (1.6) and it is PFG as an
extension of two PFG modules.
On the other hand, if ZˆJGK is PFG, then ZˆJGK-modules are PFG if and
only if they are finitely generated; for G of type FP1, the augmentation ideal
is finitely generated and hence PFG. 
Note that profinite groups of type FP1 over Zˆ which are not countably
based exist, by [6, Example 7.1], but they do not have UBERG by Proposi-
tion 1.3.
Combining the last two propositions, we get:
Corollary 1.11. If G is PFG, it has UBERG.
Remark 1.12. All finitely generated prosoluble groups by [15, Corollary 6.12]
are PFG, and hence have UBERG. Non-abelian free profinite groups do not
have UBERG by [15, Proposition 6.14].
2. An open question of Kionke-Vannacci
We give an example of a PFR group which is not PFG, answering the
first half of [15, Question 1.2].
Consider the group G =
∏
n≥N Alt(n)
2n . In [9, Example 4.5], it is shown
that for large N this group is finitely generated but not PFG, and that
(thanks to Proposition 1.10) the group ring ZˆJGK is positively finitely gen-
erated, and so G has UBERG. By [15, Theorem A], if G is finitely presented,
it is PFR.
We will show G is finitely presented using the equivalent condition given
in [17, Theorem 0.3]: a finitely generated profinite group is finitely presented
if and only if there exists a positive constant C such that, for every prime p
and every finite irreducible FpJGK-module M , dimH
2(G,M) ≤ C dimM .
Theorem 2.1. The profinite group G =
∏
n≥N Alt(n)
2n is finitely pre-
sented, and hence PFR.
Proof. The essential tool for computing the second cohomology of G is [12,
Theorem C]: if H is a finite group, F a field and M is an irreducible faithful
FH-module, then dimH2(H,M) ≤ (18.5) dimM .
Now suppose M is a finite irreducible FpJGK-module, then M is an irre-
ducible faithful module for some finite quotient G/K of G. The kernel K is
a normal subgroup of G, so by a standard argument it is a product of all but
finitely many of the alternating groups in the product G. So G/K is isomor-
phic to the product L of the remaining alternating groups, and G ∼= K ×L.
In particular, L is normal in G. Now, by the Lyndon-Hochschild-Serre spec-
tral sequence we know
dimH2(G,M) ≤ dimH2(K,ML)+
dimH1(K,H1(L,M)) + dimH2(L,M)K .
Since M is irreducible and faithful as an L-module, ML = 0. Since the
actions of K on L and M are trivial, the action of K on H1(L,M) is trivial.
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Moreover, since H1(L,M) is abelian and K is a product of non-abelian sim-
ple groups, we have H1(K,H1(L,M)) = Hom(K,H1(L,M)) = 0. Therefore
dimH2(G,M) ≤ dimH2(L,M)K ≤ dimH2(L,M) ≤ (18.5) dimM.

Remark 2.2. The above argument shows more generally that any finitely
generated product of finite non-abelian simple groups is finitely presented.
Note that in this particular case, the constant 18.5 can be improved to 47/12
by [12, Theorem 5.3, Theorem 6.2], and this is “likely quite far from best
possible” ([12]).
We now answer the second part of [15, Open Question 1.2].
Proposition 2.3. Let G be a finitely presented profinite group. If G is
PFG, then it is PFR.
Proof. By Proposition 1.9, G is APFG. Hence ZˆJGK fits into (1.6) and it is
PFG. Now [15, Theorem A] shows that G is PFR. 
3. Positively finitely presented groups
3.1. Frattini covers and PFG. For a profinite group G, write Φ(G) for
the Frattini subgroup of G: that is, the intersection of all the maximal open
subgroups of G. An epimorphism f : H → G is called a Frattini cover of G
if ker(f) ≤ Φ(H). The Frattini covers of G form an inverse system whose
inverse limit, called the universal Frattini cover of G, is again a Frattini
cover of G and is a projective profinite group. See [10, Chapter 22] for
background on this.
Lemma 3.1. A Frattini cover H of a profinite group G is PFG if and only
if G is.
Proof. Without loss of generality, we can assume that both H and G are
finitely generated. In fact, we just have to observe that, for any generating
set S of G, any lift of S to H generates H, since the kernel is contained in
the Frattini subgroup of H. The claim follows by Lemma 1.1. 
Therefore, every PFG group admits a short exact sequence of the form
(3.2) 1→ R→ P → G→ 1
with P a PFG projective profinite group. In the next subsection, we will
think of such sequences as presentations for G.
3.2. Positively finitely presented groups. Given that the idea of PFR
is an higher analogue of PFG, an alternative condition would require that
G has a ‘PFG presentation’.
Let G be a profinite group and let A be a normal subgroup of G. We say
that A is positively finitely normally generated in G if there exists k ∈ N
such that, defining the set
XG(A, k) = {(a1, . . . , ak) ∈ A
k | 〈a1, . . . , ak〉
G = A},
we have PG(A, k) := µAk(X
G(A, k)) > 0. It is easy to see, by the same
argument as [15, Section 3.3], that A is positively finitely normally generated
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in G if and only if the number of open maximal G-stable subgroups of index
n in A grows polynomially in n.
Definition 3.3. A profinite group G is said to be positively finitely pre-
sented1 if G is PFG and for every short exact sequence (3.2) with P a PFG
projective profinite group, R is PFG as a normal subgroup of P .
We justify our use of the term positively finitely presented by showing
that groups satisfying this condition are finitely presented.
Proposition 3.4. A profinite group is positively finitely presented if and
only if it is PFG and finitely presented.
Proof. Given a positively finitely presented group G, fix a presentation (3.2)
with P PFG projective. Finitely generated projective profinite groups are
finitely presented by [17, Proposition 1.1], so this exhibits G as a quotient
of a finitely presented group by a normally finitely generated group: it is
standard that such groups are finitely presented.
PFG and finitely presented implies PFR by Proposition 2.3, and then
PFR plus PFG imply positively finitely presented by [15, Lemma 3.4]. 
In particular, PFG projective groups are positively finitely presented.
Corollary 3.5. For PFG groups, positive finite presentation is equivalent
to PFR.
Proof. PFR groups are finitely presented, which with PFG implies positive
finite presentation by Proposition 3.4. Positively finitely presented groups
are PFG and finitely presented, which implies PFR by Proposition 2.3. 
The next two results show that the class of positively finitely presented
profinite groups is well behaved.
Lemma 3.6. For N a positively finitely presented normal subgroup of G, G
is positively finitely presented if and only if G/N is.
Proof. N is finitely presented, so G is finitely presented if and only if G/N
is; N is PFG, so G is PFG if and only if G/N is. So if one of G and G/N
is positively finitely presented, the other is finitely presented and PFG, so
it is positively finitely presented by Proposition 3.4. 
Compare this to the class of PFR groups: it remains an open question
whether this is closed under extensions ([15, p.3]).
We conclude this section by showing that G being positively finitely pre-
sented is witnessed by its universal Frattini cover. Compare this to the
class of PFR groups: in general minimal presentations are not sufficient to
determine whether a group is PFR ([15, Section 7]). The following lemma
is a generalisation of [18, Proposition 11.2.1] to positively finitely normally
generated subgroups.
Lemma 3.7. Let G be a profinite group, B ⊳ A ⊳G with B normal in G.
Suppose that A/B is positively finitely normally generated in G/B and B
is positively finitely normally generated in G. Then A is positively finitely
normally generated in G.
1We choose to avoid abbreviating this to PFP because of potential clashes with some
future paper about a positively type FP condition.
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Proof. We first consider the case with A (and hence B) finite. Let pi :
Gk → (G/B)k be the obvious projection, and pick a ∈ pi−1(XG/B(A/B, k)),
b ∈ XG(B, k) and u ∈ (〈a〉G)l; then 〈b ·u, a〉G = A (the product b ·u is com-
ponentwise). Thus we can estimate the probability of normally generating
A in G, by counting the possible choices for the elements a, b and u: there
are at least
|B|k · |XG/B(A/B, k)| · |A/B|l · |XG(B, l)|
choices of k + l elements generating A, and we conclude that PG(A, k + l)
is at least
|B|k|XG/B(A/B, k)|
|A|k
|A/B|l|XG(B, l)|
|A|l
= PG/B(A/B, k)PG(B, l).
Now suppose A is profinite. Note that A has a neighbourhood basis N
of the identity consisting of open normal subgroups which are G-invariant:
this can be achieved by intersecting a basis of open normal subgroups of G
with A.
For a subset X ⊂ A, 〈X〉G = A if and only if 〈XN/N〉G/N = A/N for
all N ∈ N (this is [27, Proposition 4.1.1] with minor modifications). This
implies that XG(A, k) is the inverse limit over N of XG/N (A/N, k) and
hence
PG(A, k + l) = µAk(X
G(A, k + l))
= inf
n∈N
|XG/N (A/N, k + l)|
|A/N |k+l
= inf
n∈N
PG/N (A/N, k + l)
≥ inf
n∈N
PG/BN (A/BN, k)PG/N (BN/N, l)
= PG/B(A/B, k)PG(B, l),
which is positive for some choice of k and l by hypothesis. 
Proposition 3.8. Let G be a PFG profinite group and let f : G˜→ G be the
universal Frattini cover of G. Write R for the kernel of this map. If R is
positively normally finitely generated in G˜, G is positively finitely presented.
Proof. Since G˜ is a projective cover of G, if 1→ S → Q→ G→ 1 is another
presentation of G with Q PFG, then Q → G factors into an epimorphism
Q→ G˜ and f . The diagram
S //

Q //

G
R // G˜ // G
has exact rows; writing T for the kernel of Q → G˜, we get S/T ∼= R
by the Nine Lemma. Since R is positively finitely normally generated in
G˜, it has polynomial maximal G˜-stable subgroup growth. G˜ is positively
finitely generated and projective, hence positively finitely presented, so T
has polynomial maximal Q-stable subgroup growth. By Lemma 3.7 applied
to S as an extension of T by R, we have that S is positively normally finitely
generated in Q, as required. 
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4. Modules of type PFPn
Let R be a profinite ring. In this section, all modules will be profinite
R-modules.
4.1. Projective covers of PFG modules. Let M be an R-module. A
submodule N of a module M is superfluous if, for any submodule H of M ,
H +N =M implies H =M .
Definition 4.1. A homomorphism P → M , with P projective, is said to
be a projective cover of M if its kernel is a superfluous submodule of P .
It is easy to see that, if P1 →M and P2 →M are two projective covers of
M , then P1 ∼= P2. So we may abuse terminology by referring to P itself as
the projective cover of M , instead of the homomorphism P →M . Profinite
modules have projective covers by [24, Remark 3.4.3(i)].
Lemma 4.2. M is PFG if and only if its projective cover P is.
Proof. This is the same argument as Lemma 3.1: we can assume that both
M and P are finitely generated and observe that, for any generating set S
of M , any lift of S to P generates P , since the kernel is superfluous. 
4.2. Modules of type PFPn. The previous lemma suggests the following
definition.
Definition 4.3. An R-module M has type PFPn if it has a projective res-
olution P∗
. . .→ Pn → . . .→ P1 → P0 →M → 0
with P0, . . . , Pn PFG R-modules. The module M has type PFP∞ if it has
a projective resolution P∗ with Pn PFG for all n.
Proposition 4.4. Suppose we have two partial resolutions
Pn−1 → · · · → P0 and Qn−1 → · · · → Q0
of M with each Pi and Qi PFG projective. Then ker(Pn−1 → Pn−2) is PFG
if and only if ker(Qn−1 → Qn−2) is.
Proof. Schanuel’s lemma. 
It follows that M has type PFP∞ if and only if it has type PFPn for all
n.
Remark 4.5. (i) By Lemma 4.2, an R-module has type PFP0 if and only
if it is PFG.
(ii) Clearly, type PFPn implies type FPn for all n.
(iii) Note that, if R is PFG as an R-module, then all finitely generated R-
modules are PFG. Thus, type PFPn coincides with type FPn for PFG
rings.
We will now show that the properties defined above behave well with re-
spect to short exact sequences. See [26] for more detail on the constructions
used.
Proposition 4.6. Let 0 → A
f
−→ B
g
−→ C → 0 be a short exact sequence of
profinite R-modules.
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(i) If A has type PFPn−1 and B has type PFPn, C has type PFPn.
(ii) If B has type PFPn−1 and C has type PFPn, A has type PFPn−1.
(iii) If A and C have type PFPn, so does B.
Proof. Recall that the class of PFG modules is closed under extensions by
Lemma 1.5.
(i) Take a type PFPn−1 resolution P
′
∗ of A and a type PFPn resolution P∗
of B. There is a map P ′∗ → P∗ extending A → B. The mapping cone
of P ′∗ → P∗ is a type PFPn resolution of C.
(ii) Fix a map Q
q
։ B with Q PFG projective. Note that Q has type
PFP∞. We have a diagram
ker(q) //

Q
q
// // B
g

ker(g ◦ q) // Q // // C;
with exact rows. By Proposition 4.4, ker(q) is of type PFPn−2 and
ker(g ◦ q) is of type PFPn−1. By the snake lemma, 0 → ker(q) →
ker(g ◦ q)→ A→ 0 is exact. By (i), A has type PFPn−1.
(iii) Given a type PFPn resolution for A and another for C, the resolution
for B constructed using the horseshoe lemma has type PFPn.

4.3. Growth conditions. The famous Mann-Shalev Theorem in [20] char-
acterises PFG groups algebraically as those profinite groups with “few” open
maximal subgroups. We would like to mimic this theorem as well as pro-
ducing a cohomological criterion for when modules have type PFPn.
Definition 4.7. For R a profinite ring and M a profinite R-module, let
mRk (M) be the number of maximal (open) submodules of M of index k.
We say that M has polynomial maximal submodule growth, or PMSMG for
short, if there is some constant c > 0 such that mRk (M) ≤ k
c for all k.
For a profinite ring R and k ∈ N, denote by SRk the set of irreducible
R-modules of order k.
Proposition 4.8. Let M be a profinite R-module. Then the following con-
ditions are equivalent:
(i) M is PFG.
(ii) M has PMSMG.
(iii)
∑
S∈SR
k
(|HomR(M,S)| − 1) has polynomial growth in k.
Proof. (i)⇔ (ii): Imitate [15, Proposition 6.1, (2)⇒(3)] and [15, Proposition
3.5].
We will now show that (ii) is equivalent to (iii). First, note that for each
maximal submodule in M we get a quotient map to an irreducible module,
so we have an injection from the set of maximal submodules of index k to the
set of surjective (or equivalently, non-trivial) maps to irreducible modules
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of order k. Hence,
mRk (M) ≤
∑
S∈SR
k
(|HomR(M,S)| − 1).
Conversely, if M has PMSMG, we have shown it is d-generated for some
d. Hence |HomR(M,S)| ≤ |S|
d, so∑
S∈SR
k
(|HomR(M,S)| − 1) ≤ k
dmRk (M).

Since Hom(M,S) is just Ext0R(M,S), we can now apply the proposition
to give conditions equivalent to a module having type PFPn.
Theorem 4.9. Let M be an R-module. Then, M has type PFPn if and
only if
∑
S∈SR
k
(|ExtmR (M,S)|− 1) has polynomial growth in k for all m ≤ n.
Proof. For an R-module M , we write
fMm (k) =
∑
S∈SR
k
(|ExtmR (M,S)| − 1).
The case n = 0 is Proposition 4.8. Now, suppose that n ≥ 1 and the
theorem is true for every m ≤ n− 1. Let M be an R-module of type PFPn.
By hypothesis, fMm (k) is polynomial in k for m ≤ n − 1; it remains to
check that fMn (k) is polynomial in k. By Lemma 4.2, we have a short exact
sequence
0→ K → P →M → 0
with P PFG projective. K has type PFPn−1, so by hypothesis f
K
n−1(k)
has polynomial growth in k; since ExtnR(P,−) = 0 for n ≥ 1, we have
that fPn (k) = 0. Using the long exact sequence in cohomology, we see that
fMn (k) ≤ f
K
n−1(k) + f
P
n (k), and we are done. 
Note that SRk may be infinite, and the sum
∑
S∈SR
k
(|ExtnR(M,S)|−1) may
nonetheless be finite. We will see in Section 6 that, for an infinite product
G =
∏
H with H a finite group,, there are infinitely many values of k such
that ∑
S∈S
ZˆJGK
k
(|H1
Zˆ
(G,S)| − 1) = 0
even though S
ZˆJGK
k is infinite.
5. Groups of type PFPn
In this section R will be a commutative profinite ring.
Definition 5.1. A profinite group G has type PFPn over R if R has type
PFPn as RJGK-module. Unless specified otherwise, type PFPn will mean
over Zˆ.
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Remark 5.2 (PFPn for prosoluble groups). We get immediately that PFPn
and FPn are equivalent when RJGK itself is PFG as an RJGK-module. By
Corollary 1.11, the ring ZˆJGK is PFG as a ZˆJGK-module whenever G is PFG;
by Remark 1.12, this occurs for all finitely generated prosoluble groups G.
So PFPn and FPn over Zˆ coincide for such groups (cf. Conjecture 6.6 below).
Every group is of type FP0 over every ring. This is false for type PFP0.
Lemma 5.3. A profinite group G has type PFP0 over R if and only if R is
PFG as an R-module.
Proof. Any subset of R generates it as an R-module if and only if it generates
it as an RJGK-module, since the G-action is trivial. 
Next we show that the class of groups of type PFPn is closed under com-
mensurability. Recall that for an RJGK-module M , we denote by ResGH M
the RJHK-module with the same underlying set as M and restricting the
action of G to H.
Proposition 5.4. Let G be a profinite group and let H be an open subgroup
of G. Then, H has type PFPn over R if and only if G does.
Proof. We first claim that an RJGK-moduleM is PFG if and only if ResGH M
is PFG. Indeed, clearly any set of generators for ResGH M as an RJHK-module
generates M as an RJGK-module. Conversely, say |G : H| = c. A set of t
generators for M generates an open submodule of ResGH M of index at most
ct, so if PRJGK(M, t) > 0 for some t, PRJHK(Res
G
H M, t+ c
t) > 0.
It now follows by the same techniques as for abstract modules (see [4,
VIII, Proposition 5.1]) that M has type PFPn if and only if Res
G
H M does,
and in particular this holds for M = R. 
5.1. Minimal resolutions. We can imitate the methods of [9] to give some
more detail about the type PFPn conditions. Fix a projective resolution P
G
∗
of Zˆ as a ZˆJGK-module such that each PGn is a projective cover of the kernel
KGn−1 of the following map. Thus G has type PFPn over Zˆ if and only if
KGm is PFG for all m < n.
Definition 5.5. Write S ZˆJGK for the set of irreducible ZˆJGK-modules. For
M ∈ S ZˆJGK:
(i) rG(M) is the dimension of M over the field EndG(M);
(ii) δG(M) is the number of non-Frattini chief factors G-isomorphic to M
in a chief series of G;
(iii) hnG(M) is the dimension of H
n(G,M) over EndG(M), for n ≥ 1;
(iv) h′G(M) is the dimension of H
1(G/CG(M),M) over EndG(M).
For N any other (profinite) ZˆJGK-module, we write iN (M) for the number
of factors G-isomorphic to M in the (semisimple) head N/ rad(N) of N .
By [27, Proposition 7.4.5], N/ rad(N) is isomorphic to a product of simple
modules and we can write N/ rad(N) =
∏
i∈I Hi, where Hi is a power of a
simple ZˆJGK-moduleMi andMi 6∼=Mj for i 6= j. The profinite ZˆJGK-module
Hi is called a homogeneous component of the head of N .
Parallel to [9, Theorem 1], we get:
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Theorem 5.6. For N a ZˆJGK-module, the minimal size d
ZˆJGK(N) of a gen-
erating set of N is
sup
M∈S ZˆJGK
⌈
iN (M)
rG(M)
⌉
.
Proof. Any subset of N generates N if and only if it generates the head of
N , if and only its projection into each homogeneous component of the head
generates that homogeneous component (see [9, Section 3]). Each homoge-
neous component is a product of iN (M) copies of some M ∈ S
ZˆJGK, and so
the homogeneous component is generated by ⌈iN (M)/rG(M)⌉ elements by
[7, Lemma 1]. 
We can apply this theorem to the kernels KGn in our minimal projective
resolution.
Corollary 5.7.
d
ZˆJGK(K
G
n−1) = sup
M∈S ZˆJGK
⌈
hnG(M)
rG(M)
⌉
.
Proof. iKG
n−1
(M) = hnG(M) by the argument of [11, Lemma 2.11]: differen-
tials in the chain complex HomG(P
G
∗ ,M) are trivial for M irreducible. 
Corollary 5.8.
d
ZˆJGK(K
G
0 ) = sup
M∈S ZˆJGK
⌈
δG(M) + h
′
G(M)
rG(M)
⌉
.
Proof. h1G(M) = δG(M) + h
′
G(M), by [1, (2.10)]. 
Note that it is enough for the two corollaries to take the supremum over
Fp-modules for p dividing the order of G, since otherwise h
n
G(M) = 0 by [23,
Corollary 7.3.3].
As expected, we deduce that KG0 is finitely generated if and only if IZˆJGK
is, and comparing our theorem to [9, Theorem 1], we see that
d
ZˆJGK(K
G
0 ) ≤ dZˆJGK(IZˆJGK) ≤ dZˆJGK(K
G
0 ) + 1.
Theorem 5.9. For N a ZˆJGK-module, and any k,
P
ZˆJGK(N, k) =
∏
M∈S ZˆJGK
iN (M)−1∏
i=0
(
1−
|EndG(M)|
i
|M |k
)
.
(If iN (M) = 0 for some M , we take the corresponding factor to be the empty
product, i.e. 1.)
Proof. The proof echoes that of [9, Theorem 2] exactly, except for the fol-
lowing two points.
Firstly, it is unnecessary to assume k ≥ d
ZˆJGK(N): if not, by the argument
of the previous theorem there is some M ∈ S ZˆJGK such that
iN (M)/rG(M) > k,
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so there is some i < iN (M) such that
|M |k = |EndG(M)|
rG(M)k = |EndG(M)|
i,
and hence for that value of i, the factor 1−|EndG(M)|
i/|M |k vanishes, and
we correctly conclude P
ZˆJGK(N, k) = 0. If N is not finitely generated, our
formula gives P
ZˆJGK(N, k) = 0 for all k.
Secondly, it is unnecessary to assume G is countably based. If not, we
may choose a (transfinite) sequence {Nα} of normal closed subgroups of
G = N0, such that Nα + 1 is open in Nα and Nα =
⋂
β<αNβ for α a limit.
Then, arguing inductively on α in the same way as [9, Theorem 2], we reach
the required conclusion. 
These arguments apply to the statement of [9, Theorem 2]: the extra
conditions there can be removed.
Corollary 5.10. For any k,
P
ZˆJGK(K
G
n−1, k) =
∏
S ZˆJGK
hn
G
(M)−1∏
i=0
(
1−
|EndG(M)|
i
|M |k
)
.
Proof. As before, note that iKG
n−1
(M) = hnG(M). 
Finally, by applying the same arguments as [9, Theorem 3], we get:
Theorem 5.11. For N a finitely generated ZˆJGK-module, N is PFG if and
only if the number of irreducible G-modules M such that iN (M) ≥ 1 is
polynomially bounded as a function of the order.
Note that the inequality
∑
g(n)/nt ≤ AG(t) in the proof of [9, Theorem
3] (in the notation used there) is not quite true: it assumes that iG(M) ≥ 1
for all M ∈ S ZˆJGK. Since this holds for all non-trivial M , and since the
number of trivial irreducible G-modules of order n is polynomially bounded
as a function of n (by the polynomial 1), the conclusion holds.
Corollary 5.12. Assume G has type FPn. Then K
G
n−1 is PFG (and G has
type PFPn over Zˆ) if and only if the number of irreducible G-modules M
such that hnG(M) ≥ 1 is polynomially bounded as a function of the order. In
particular, for G of type FP1, G has type PFP1 if and only if the number
of irreducible G-modules M such that δG(M) + h
′
G(M) ≥ 1 is polynomially
bounded as a function of the order.
5.2. APFG and PFP1. As the reader might guess, APFG and PFP1 are
closely related. From Proposition 1.10 we deduce:
Lemma 5.13. If G is APFG, then it has type PFP1 over Zˆ.
Proof. By Proposition 1.10, ZˆJGK is PFG. So the exact sequence (1.6) of
PFG modules shows that G has type PFP1. 
Corollary 5.14. If G is PFG, then it has type PFP1 over Zˆ.
Proof. By Proposition 1.9, G being PFG implies it is APFG. The result
follows by the previous lemma. 
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Using the relation between APFG and PFP1, we can give an example of
group of type PFP1 that is not PFG.
Example 5.15. In [9, Example 4.5] it is shown that, for N large enough, the
group
∏
n≥N Alt(n)
2n is APFG but not PFG. This example therefore has
type PFP1 over Zˆ, and has UBERG, but is not PFG.
5.3. Minimal extensions, PFR and type PFP2.
Lemma 5.16. PFR implies PFP2 over Zˆ.
Proof. Let G be PFR. Then G is finitely presented and has UBERG, by
Proposition 1.2. Hence G has type PFP2 if and only if it has type FP2.
Since G is finitely presented, it has type FP2. 
Recall that group extensions K → E → G and K → E′ → G with K
abelian are said to be equivalent if there is a commutative diagram
K // E //

G
K // E′ // G;
they are said to be isomorphic if there is a commutative diagram
K //
∼=

E //

G
K // E′ // G.
So equivalent abelian extensions are isomorphic. Moreover, isomorphic
abelian extensions induce a G-automorphism of K; since irreducible G-
modules are 1-generated, the number of G-automorphisms is at most |K|.
Therefore the number of equivalence classes of minimal abelian extensions
of degree n in one isomorphism class is at most n.
We conclude:
Proposition 5.17. Polynomial minimal abelian extension growth (that is,
polynomial growth in the number of isomorphism classes of minimal exten-
sions of G with abelian kernel) is equivalent to polynomial growth in the
number of equivalence classes of minimal extensions by non-isomorphic G-
modules.
Recall that, by the usual correspondence between the second cohomology
of a group and its extensions, this second condition is equivalent to saying
that
∑
S |H
2(G,S)| grows polynomially in k, where the sum ranges over all
irreducible G-modules of order k.
We can use this idea for an alternative proof that PFR implies type PFP2.
It is shown in [15, Theorem 3.9] that for finitely generated profinite groups,
PFR is equivalent to PMEG (see Section 1.3) – that is, polynomial growth
in the number of isomorphism classes of minimal extensions. Clearly this
implies polynomial minimal abelian extension growth, and in fact it is equiv-
alent to it among finitely presented groups, by [15, Theorem 4.1, Proposition
5.2, Proposition 5.4]. By our proposition, this is equivalent to polynomial
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growth in
∑
S |H
2(G,S)|; by Theorem 4.9, groups of type PFP1 (which in-
cludes PFR groups by Proposition 1.10 and Lemma 5.13) have type PFP2
(over Zˆ) if and only if
∑
S(|H
2(G,S)| − 1) grows polynomially, so the result
follows.
We also observe, in contrast to [15, Section 7], that we can check the
PFP2 property by considering the minimal presentation of a group.
Imitating [15, Section 3], we say that a presentation (3.2) of G has poly-
nomial maximal P -stable abelian subgroup growth if the number of maximal
P -stable subgroups S of R of index n with R/S abelian grows polynomially
in n.
We can now state an equivalent formulation of property PFP2.
Proposition 5.18. Let G be a profinite group of type PFP1 and let G˜→ G
be the universal Frattini cover of G. Then G has type PFP2 if and only if
R = ker(G˜→ G) has polynomial maximal G˜-stable abelian subgroup growth.
Proof. We may use the argument of [15, Proposition 7.1]: the maximal G˜-
stable subgroups of R of degree n correspond precisely to the isomorphism
classes of non-split minimal abelian extensions of G of degree n by [14, (3.2)];
the number of these grows polynomially in n if and only if the number of
equivalence classes of non-split minimal abelian extensions of G of degree n
does, just as in Proposition 5.17; since G has type PFP1, this condition is
equivalent to having type PFP2 by Theorem 4.9. 
5.4. Relative type PFPn.
Definition 5.19. A closed normal subgroup H of a profinite group G has
relative type PFPn in G over R if all PFG projective RJG/HK-modules have
type PFPn over RJGK.
Remark 5.20. Notice that in the analogous FPn case, H has relative type
FPn in all groups if and only if H has type FPn, whereas when G does not
have type PFP1, the trivial subgroup (of type PFP∞) does not have relative
type PFP1 in G, so we need the two different definitions.
Theorem 5.21. Let G be a profinite group, H be normal in G and let M
be a profinite RJG/HK-module. Suppose H has relative PFPm in G over R.
(i) If M has type PFPn over RJGK (via restriction), then it has type PFPk
over RJG/HK, where k = min(m+ 1, n).
(ii) If M has type PFPn over RJG/HK, then it has type PFPl over RJGK,
where l = min(m,n).
Proof. First, note that M is PFG as an RJGK-module if and only if it is
PFG as an RJG/HK-module, because the action is by restriction.
(i) Use induction on n. When n = 0 we are done. Take a PFG projective
RJG/HK-module P and an epimorphism P → M with kernel K. The
module K has type PFPmin(m,n−1) over RJGK by Proposition 4.6, so
by hypothesis it has type
min(m+ 1,min(m,n− 1)) = min(m,n− 1)
over RJG/HK. Therefore M has type min(m,n − 1) + 1 = k over
RJG/HK.
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(ii) Use induction on n. When n = 0 we are done. Take a PFG projective
RJG/HK-module P and an epimorphism P →M with kernel K. Now
K has type PFPn−1 over RJG/HK-module by Proposition 4.6, so by
hypothesis it has type PFPmin(m,n−1) over RJGK. Also P has type
PFPm over RJGK, so by Proposition 4.6 M has type PFPmin(m,n) over
RJGK.

In particular this holds for M = R.
Corollary 5.22. Suppose that H has relative type PFPm in G over R.
(i) If G has type PFPn over R, then G/H has type PFPmin(m+1,n) over
R.
(ii) If G/H has type PFPn over R, then G has type PFPmin(m,n) over R.
Remark 5.23. Exactly the same approach gives the analogous classical result
(see [3, Proposition 2.7] for example) that relates type FPn conditions for
extensions and quotients of abstract groups. As far as we know, this is
the first proof of this result which avoids the use of spectral sequences;
those unfamiliar with the mysteries of spectral sequences may find this new
perspective enlightening.
At the moment the property of relative type PFPn, and thus the be-
haviour of type PFPn under extensions, remains mysterious. But we have
the following result:
Proposition 5.24. Suppose G and H are profinite groups. Let M be an
RJGK-module and N an RJHK-module. Suppose M has type PFPm and N
has type PFPn. ThenM⊗RN has type PFPmin(m,n) as an RJG×HK-module.
Proof. We will show that if P is a PFG projective RJGK-module and Q a
PFG projective RJHK-module, then P⊗RQ is PFG as an RJG×HK-module.
The result follows by taking tensor products of partial PFG projective res-
olutions for M and N .
Each maximal submodule of P gives an epimorphism onto an irreducble
kJGK-module for some field k which is a quotient of R. Now define the
function fGn (P, k
′) over all finite extensions k′ of fields k which appear
as quotients of R, as follows. Let Sn(G, k
′) be the set of absolutely ir-
reducible representations of G of dimension n which are defined over k′;
we think of elements of Sn(G, k
′) as RJGK-modules via restriction along
R → k′. [15, Lemma 6.7] gives a bijection Φk from Galois orbits of irre-
ducible k¯JGK-modules to irreducible kJGK-modules, where k¯ is the algebraic
closure of k, and we identify k′ with a subfield of k¯. Then fGn (P, k
′) =∑
M∈Sn(G,k′)
(|HomRJGK(P,Φk(M))|−1). Exactly the same approach as [15,
Lemma 6.8] shows that P is PFG if and only if there is some b such that
fGn (P, k
′) ≤ |k′|bn for all n and all k′ where it is defined.
As in the proof of [15, Theorem 6.4], the absolutely irreducible repre-
sentations of G ×H over k′ are precisely the tensor products of absolutely
irreducible representations of G and H over k′. As there, we deduce that
if fGn (P, k
′) ≤ |k′|bn for some b, and similarly for fHn (Q, k
′), there exists a c
such that fG×Hn (P ⊗R Q, k
′) ≤ |k′|cn, and P ⊗R Q is PFG, as required.

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Corollary 5.25. If G has type PFPm over R and H has type PFPn over
R, then G×H has type PFPmin(m,n) over R.
Compare this to the result in [15, Theorem 6.4] that UBERG is preserved
by (finite) direct products.
6. Examples
In this section we will construct some examples of groups of type PFP1
over R although the group ring RJGK is not PFG, examples of groups of
type FP1 over Zˆ which do not have type PFP1, and examples of groups of
type PFPn but not PFPn+1 over Zˆ for all n.
6.1. G of type PFP1 over R such that RJGK is not PFG. The examples
studied in [9] suggest the strategy of looking at products of finite groups.
Proposition 6.1. Let S be a finite group and let G be an infinite product
of copies of S. For any prime p not dividing the order of S, ZpJGK is not
PFG, but G has type PFP1 over Zp.
Proof. The group G has infinitely many irreducible representations of di-
mension ≤ |S| over Fp, so ZpJGK is not PFG.
On the other hand, [16, Reduction Theorem] shows that H1(G,M) = 0
is trivial for all irreducible FpJGK-modules M with p /∈ pi. Therefore, by
Theorem 4.9, we can see that G has type PFP1 over Zp. 
Remark 6.2. Similarly, if we denote by pi = pi(S) the set of prime divisors
of the order of S, the group SN has type PFP1 over Zpi′ =
∏
p/∈pi Zp.
By varying the group S, we get examples of this behaviour over Zp for all
primes p. We do not know of any such examples over Zˆ, and leave it as a
question.
Open Question 6.3. Are there groups of type PFP1 over Zˆ which do not
have UBERG?
By Corollary 5.12, a necessary and sufficient condition for this is that the
number of irreducible modules M of order n for such a group G would grow
faster than polynomially in n, but the number for which δG(M)+h
′
G(M) is
non-zero would grow polynomially.
[9] constructs groups with UBERG which are not PFG, but another re-
maining question is whether such groups must be finitely generated.
Open Question 6.4. Are there groups with UBERG which are not finitely
generated?
On the other hand, examples like the above cannot appear among pronil-
potent groups. In future work with S. Kionke, we show:
Proposition 6.5. Let G be a pronilpotent group. Then G has UBERG if
and only if G is finitely generated.
The class of prosoluble groups appears often in these contexts as groups
where pathological behaviour cannot occur. For example, finitely generated
prosoluble groups are PFG, and prosoluble groups have type PFP1 if and
only if they are finitely generated by Corollary 5.14 and [5, Remark 3.5(a)].
So it is very natural to ask:
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Open Question 6.6. Are all prosoluble groups with UBERG finitely gen-
erated?
6.2. Type FP1 and type PFP1. Clearly type PFP1 over R implies type
FP1 over R; we show the converse does not hold.
Proposition 6.7. Let Fn be the free profinite group on n generators. For
n > 1, Fn does not have type PFP1 over Zˆ.
Proof. We first give a proof for n = 3; the case for n > 3 is proved similarly.
We think of F3 as the profinite free product Zˆ ∗ F2, for some fixed copy
of Zˆ. We use the Mayer-Vietoris sequence of [23, Proposition 9.2.13]. Note
that our profinite free product is proper by [23, Example 9.2.6], so the
Mayer-Vietoris sequence applies.
Now F3 has type FP1 because it is finitely generated. To show it does not
have type PFP1 we use the cohomological characterisation: we will show∑
S∈S
F3
k
|H1(G,S)| − 1 grows faster than polynomially in k. By the Mayer-
Vietoris sequence, it suffices to show
∑
S∈S
F3
k
|H1(Zˆ, S)| − 1 grows faster
than polynomially in k.
Let T F3k be the set of irreducible F3-modules of order k on which restric-
tion to Zˆ gives the trivial action. By the universal property of free products,
we can identify this with SF2k . The sequence |S
F2
k | grows faster than poly-
nomially in k by [15, Lemma 6.16]. It is well-known (see [26]) that for
any group G and any trivial G-module A, H1(G,A) = Hom(G,A), so for
S ∈ T F3k , H
1(Zˆ, S) = S and hence∑
S∈S
F3
k
|H1(Zˆ, S)| − 1 ≥
∑
S∈T
F3
k
|H1(Zˆ, S)| − 1 = |T F3k |
2 − |T F3k |
grows faster than polynomially in k, as required.
Finally, for n = 2, we note by [23, Theorem 3.6.2] that proper open
subgroups of F2 are free profinite groups of higher rank, which therefore do
not have type PFP1; we conclude F2 does not have type PFP1 by Proposition
5.4. 
6.3. Type PFPn but not type PFPn+1. In [5, Proposition 4.6], a family
{An} of pro-C groups of type FPn but not FPn+1 is constructed over ZCˆ,
the pro-C completion of Zˆ, for any class C of finite groups closed under
subgroups, quotients and extensions.
Proposition 6.8. Let C be the class of finite soluble groups, so that Z
Cˆ
= Zˆ.
Then An has type PFPn but not type PFPn+1 over Zˆ.
Proof. By Remark 5.2, for finitely generated prosoluble groups, type PFPn
over R is equivalent to type FPn over R. Since An is finitely generated for
n ≥ 1, we conclude that An has type PFPn but not type PFPn+1 over Zˆ for
n ≥ 1. For n = 0, A0 is not finitely generated, hence not of type FP1 over
Zˆ by [9, Corollary 2.4], hence not of type PFP1. 
As an additional example, we consider the iterated wreath products de-
scribed in [25]. Recall that the Schur multiplier, for an abstract group G,
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is
H2(G,Z) ∼=
R ∩ [F,F ]
[F,R]
,
for a presentation of G given by the exact sequence 1 → R → F → G → 1
with F free. The same argument as in the abstract case (see, for example,
[26, Presentations 6.8.7]) shows that, for G profinite and 1 → Rˆ → Fˆ →
G→ 1 a profinite presentation, we have
H2(G, Zˆ) ∼=
Rˆ ∩ [Fˆ , Fˆ ]
[Fˆ , Rˆ]
.
Here, by [Fˆ , Fˆ ] and [Fˆ , Rˆ], we mean the closure of the abstract subgroups
generated by these commutators.
Lemma 6.9. For G finite, H2(G,Z) (with G considered as an abstract
group) is isomorphic to H2(G, Zˆ) (with G considered as a profinite group).
Proof. It is well-known that the Schur multiplier for abstract groups is equal
to H2(G,C×). Calculating cohomology using the bar resolution, each term
in the cochain complex Hom(Gn,C×) is equal to Hom(Gn,Q/Z) because
the image of each element of Gn has finite order; we deduce that the Schur
multiplier is isomorphic to H2(G,Q/Z). By considering the bar resolution
again, this is the same as H2(G,Q/Z) when we think of G as a profinite
group because every abstract homomorphism in Hom(Gn,Q/Z) is continu-
ous, which is isomorphic to H2(G, Zˆ) by Pontryagin duality, [23, Proposition
6.3.6]. 
Thus for finite groups we can talk about ‘the’ Schur multiplier, to mean
the group defined (up to isomorphism) by both our definitions.
Now let G be the infinitely iterated wreath product of copies of the alter-
nating group A36 defined in [25, Remark 2]. G is PFG by the proof of [21,
Theorem A], so it has type PFP1 over Zˆ, and has UBERG – though it is
not finitely presented, by [25, Remark 2].
Proposition 6.10. G does not have type PFP2 over Zˆ.
Proof. Since G has UBERG, it is enough to show G does not have type FP2.
A36 has Schur multiplier of size 2, so for Wn the iterated wreath product
of copies of A36, iterated n times, we get H2(Wn, Zˆ) = (Z/2Z)
n by [22,
Theorem 3]. Taking inverse limits over n, H2(G, Zˆ) is an infinite product
of copies of Z/2Z. In particular, it is not finitely generated, so G does not
have type FP2 by [5, Lemma 4.5]. 
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